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Abstract 



< 

I We prove that small smooth solutions of semi-linear Klein-Gordon equations with quadratic 

potential exist over a longer interval than the one given by local existence theory, for almost 
every value of mass. We use normal form for the Sobolev energy. The difficulty in comparison 
with some similar results on the sphere comes from the fact that two successive eigenvalues A, A' 
^ ^ of a/— A -I- |a:p may be separated by a distance as small as 

(N 

! Introduction 

Let — A-|- |xp be the harmonic oscillator on M"^. This paper is devoted to the proof of lower bounds 
for the existence time of solutions of non-linear Klein-Gordon equations of type 

00 ' 

{d'^-A + \x\'^ + m^)v = v''+'^ 
> ■ I 

X ; dtv\ 



t=o = evi 

where m S R^, x'^dxVj S when |a|-|-|/?| < s + 1 — j (j = 0,l) for a large enough integer s, and 
where e > is small enough. 

The similar equation without the quadratic potential |xp, and with data small, smooth and 
compactly supported, has global solutions when d > 2 (see Klainerman [18] and Shatah [23] for 
dimensions d > 3, Ozawa, Tsutaya and Tsutsumi [22] when d = 2). The situation is drastically 
different when we replace —A by —A -|- jxp, since the latter operator has pure point spectrum. 
This prevents any time decay for solutions of the linear equation. Because of that, the question of 
long time existence for Klein-Gordon equations associated to the harmonic oscillator is similar to 
the corresponding problem on compact manifolds. 

For the equation [d^ — A -|- m?)v = v'^'^^ on the circle S^, it has been proved by Bourgain [6] 
and Bambusi [ij, that for almost every m > 0, the above equation has solutions defined on intervals 
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of length CNe~^ for any G N, if the data are smooth and small enough (see also the lectures of 
Grebert [l3]). These results have been extended to the sphere S*^ instead of by Bambusi, Delort, 
Grebert and Szeftel [2j . A key property in the proofs is the structure of the spectrum of \/—A on 
S'^. It is made of the integers, up to a small perturbation, so that the gap between two successive 
eigenvalues is bounded from below by a fixed constant. 

A natural question is to examine which lower bounds on the time of existence of solutions might 
be obtained when the eigenvalues of the operator do not satisfy such a gap condition. The problem 
has been addressed for [df — A + m?)v = v'^'^^ on the torus T*^ when d > 2 by Delort [9]. It has 
been proved that for almost every m > 0, the solution of such an equation exists over an interval 
of time of length bounded from below by ce""^^^^/'^-' (up to a logarithm) and has Sobolev norms of 
high index bounded on such an interval. Note that two successive eigenvalues A, A' of \/—A on T"^ 
might be separated by an interval of length as small as c/A. A natural question is then to study 
the same problem for a model for which separation of eigenvalues is intermediate between the cases 
of the sphere and of the torus. The harmonic oscillator provides such a framework, as the distance 
between two successive eigenvalues A, A' of y^— A + |xp is of order 1/\/A. Our goal is to exploit 
this to get for the corresponding Klein-Gordon equation a lower bound of the time of existence of 
order ce"^**/^ when d >2 (and a slightly better bound if d = 1). 

Note that the estimate we get for the time of existence is explicit (given by the exponent —4k/ 3) 
and independent of the dimension d. This is in contrast with the case of the torus, where the gain 
2/d on the exponent brought by the method goes to zero as d — > +oo. The point is that when 
the dimension increases, the multiplicity of the eigenvalues of —A + |xp grows, while the spacing 
between different eigenvalues remains essentially the same. 

The method we use is based, as for similar problems on the sphere and the torus, on normal 
form methods. Such an idea has been introduced in the study of non-linear Klein-Gordon equations 
on by Shatah [23], and is at the root of the results obtained on S\ S'^, T"' in [H H O [11 [9j . In 
particular, we do not need to use any KAM results, unlike in the study of periodic or quasi-periodic 
solutions of semi-linear wave or Klein-Gordon equations. For such a line of studies, we refer to the 
books of Kuksin [20[ [21] and Craig [8] in the case of the equation on , to Berti and Bolle [4] for 
recent results on the sphere, and to Bourgain [7J and Elliasson-Kuksin [12] in the case of the torus. 

Finally let us mention that very recently Grebert, Imekraz and Paturel [H] have studied the 
non- linear Schrodinger equation associated to the harmonic oscillator. They have obtained almost 
global existence of small solutions for this equation. 

1 The semi-linear Klein-Gordon equation 

1.1 Sobolev Spaces 

We introduce in this subsection Sobolev spaces we will work with. From now on, we denote by 
P = \J —A + X G M*^, d > 1. The operator = — A + |xp is called the harmonic oscillator on 
. The eigenvalues of P^ are given by A^, where 



Let Iln be the orthogonal projector to the eigenspace associated to A^. There are several ways to 
characterize these spaces. Of course we will show they are equivalent after giving definitions. 

Definition 1.1.1. Let s G R. We define .^^{{W^) to he the set of all functions u G ^^(M'^) such 



(1.1.1) 



A„ = V2n + d, n G N. 
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The space J^^^iM.'^) is the domain of the operator g{P) on L^(]R'^), which is defined using 
functional calculus and where 

(1.1.2) g{r) = {l + r^)i,r eM.. 

Because of (jl.l.ip . we have 

(1-1-3) lb(^)^^llL2 ~ 

Definition 1.1.2. Let s G N. We define ^^(M'^) to be the set of all functions u £ L^{R'^) such that 

|a|+|/3|<Jk"5^n||2 2. 



x"(9^u G V|q| + <s, equipped with the norm defined by WuW^s = X]|a|+|fl|<s 1 1^"^^^"^ 



We shall give another definition of the space in the view point of pseudo-differential theory. Let 
us first list some results from 1161. 



Definition 1.1.3. We denote by r''(M ), where s G M, the set of all functions u G C°^(M ) such 
that: Ma G n'^, 3 C^, s.t. \/z G W^, we have \d'^a{z)\ < C„(z)^-I°l, where (z) = (1 + . 



Definition 1.1.4. Assume aj G r''^(M )(j G N*) and that sj is a decreasing sequence tending to 
— oo. We say a function a G C°^(M'^) satisfies: 

oo 

a ~ ^ 

i=i 

if: Vr > 2, r G N, a- J^^'jZl aj G T^- (R"^) . 

We now would like to consider operators of the form 

(1.1.4) Au{x) = (2^)-'^ J I e'^''-y'^-^a{x, i)u{y)dydi 

where a(x,0 G r"(M2"'). We can also consider a more general formula for the action of the operator 

(1.1.5) Au{x) = (27r)-'^ / / e'^^-y>^a{x, y, 0<y)dydC 



where the function a{x,y,^) is called the amplitude. We will describe the class of amplitudes as 
following: 



Definition 1.1.5. Let s G M and ^^(R'^"-) denote the set of functions a{x,y,^) G C°°(R^^ ), which 
for some s' G M satisfy 

\d^d^d^a{x,y,0\ < 
where z = (x, y, £,) G M'^'^. 

The following proposition is a special case of proposition 1.1.4 in [16j . 



Proposition 1.1.6. // 6 G r*(M^'^), then a{x,y,^) = b{x,£,) and a{x,y,^) = b{y,^) belong to 
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Let x{x,y,0 6 C'o^(IK^'^),x(0,0,0) = 1. It is shown by lemma 1.2.1 in [16] that (fTXSll makes 
sense in the following way: 

(1.1.6) Auix)= lim^{2Tr)-'^ jj e'^''-y^<x{£x,£y,eC)a{x,y,(,)u{y)dyd£, 

if a{x,y,^) G r2*(M^^) for some s. It is also shown in the same section of it the operator A is 
continuous from S{R'^) to S{R'^) and it can be uniquely extended to an operator from 5'(M'^) to 
5'(M^). 

Definition 1.1.7. The class of pseudo-differential operators A of the form lil.l.5\) with amplitudes 
a G 1^^(M3^) will be denoted by G''{R'^). 

We set G-°°(M^) = HseR '^'(J^'^)• 
Example 1.1.8. For s G N, the constant coefficient differential operator Yl Capx'^ is in the 

\a\ + \l3\<s 

class G'{W^). 

The class G'^(M'^) has some properties which are just theorems 1.3.1, 1.4.7, 1.4.8 in [16]: 

Theorem 1.1.9. Let si,S2 GR and Ae G*i(M'^), A' G G''-^{R'^). ThenAoA' G 0'^+"^ {R'^) . 

Theorem 1.1.10. The operator A G G'^(M'^) can be extended to a bounded operator on L^(M'^). 

Theorem 1.1.11. The operator A G C(M'^) for s < can be extended to a compact operator on 
L2(M'^). 

We shall give a subclass of that of pseudo-differential operators. 
Definition 1.1.12. We say a G r^^(M'^) if a ^ r'^(M'^) and a has asymptotic expansion: 

a ~ ^ Os-j 

with tts-j G C°°(R'^) satisfying for (9 > 1, \x\ + |^| > 1 

a,^j{0x,eO = O'-^a,^j{x,O. 

Definition 1.1.13. Let A be a pseudo-differential operator with amplitude a G r^;(M'^). We then 
call as defined above the principle symbol of A. 

Definition 1.1.14. We say a pseudo-differential operator A G G^^(M'^) if its amplitude a G 

By proposition 1 1 . 1 . 6l definition II . 1 . 14l is meaningful. 

Definition 1.1.15. We say that A G G*j(M^) is globally elliptic if we have: 3R > 0, 3 C > such 
that V(x,^) G M?"^ satisfying \x\ + |^| > R, we have |as(x,^)| > C{\x\ + |^|)'^, where Og denotes the 
principle symbol of A. 

We can invert the operator A G ^^^(M'^) up to a regularizing operator, which is just theorem 
1.5.7 in |ig. 
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Theorem 1.1.16. Let A E G^^(M'^) be a globally elliptic operator. Then there is an operator 
B G G^i'i'R'^) such that 

(1.1.7) BoA = I + Ri, Ao B = I + R2, 
where i?i,i?2 ore regularizing, i.e. Ri,R2 G G^°°(M'^). 

Definition 1.1.17. Let A be a pseudo- differential operator whose symbol is {(,,x)^ modulo T^^"^. 
We define Jif^^(R'^) to be the set of all functions u G such that Au G -L^(M'^), equipped with 

the norm defined by \ \u\\'^^,a — ||An||^2 + ||'u||^2- 

Remark 1.1.1. The pseudo-differential operator A defined above is globally elliptic. Thus by 
theorem [T.1.16\ if Au G L'^iM'^), we must have u G L'^iM'^). 

Remark 1.1.2. J^*(M'^) does not depend on the choice of A according to corollary 1.6.5 in }16f . 

Corollary 1.1.18. When s G N, definitions \Ll.ll \1.1.2\ and \l.l.'V^ characterize the same space. 
Moreover J^*(M'^) = ,3e^'{M.'^) for any s G M. 

Proof. First let s G N. Since A in definition 11.1.171 is globally elliptic, by theorem 11.1.161 there is 
B G G~^{R'^) such that 

(1.1.8) BoA = L + Ri, Ao B = L + R2 

where i?i,i?2 are regularizing. Thus for any a,j3 with |a| + < s, by the example after def- 
inition 11.1.121 and theorems 11.1.91 11. 1-101 and ll.l.lH we have ||x°9^m||2,2 < | |x°9^-B^u| 1^,2 + 
\\x < C{\\Au\\i2 + ||ii||/^2), which implies < C'lkll-j^g"- The inverse inequal- 

ity follows from the proof of proposition 1.6.6 in [16j . Let us now prove that definition 1 1.1. II is 
equivalent to definition 11.1.171 for any s G M. 

By Theorem 1.11.2 in [16] the operator g{P) defined in ()1.1.2p is an essentially self-adjoint 
globally elliptic operator in the class G*(M'^). We have again by theorem 11.1.161 that there is 
Q G G^i'iM.'^) such that 

(1.1.9) g{P)oQ = I + R[, Qog{P)=I + R'^ 

where R'l , R2 are regularizing. We compute using (|1.1.3p , (jl.l.Sp , (|1.1.9p together with theorem 
11.1.91 and theorem II. 1.101 

\HU,^ ~ MP)u\\l2 < \\{g{P) o B o A)u\\l2 + \\{g{P) o Ri)u\\l2 
<C{\\Au\\l2 + \\u\\l2)<C\\u\U^s 

and 

\\u\U^^ < C{\\{AoQog{P))u\\L2 + \\{AoR'2)u\\l2 + \\u\\l2) 
< C{\\g{P)u\\L2 + \\n\\L2) < C\\n\U^s^ 

where the last inequality follows from the fact A„ > 1. □ 

We denote J^%R'^) = ^/(M'^) = J^*(R'^) when s G M. When s G N, this space coincides with 
Jifrfi^"^)- Let us present some properties of the spaces we shall use. 

Proposition 1.1.19. If si < 82, then J^'^iW^) ^ J^''^{R'^). 
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Proposition 1.1.20. If s > d/2, then .J^'iW) ^ L'=°{W). 
Proposition 1.1.21. Let f G C°°(M),/(0) = 0,m G J^'{'R'^),s G N, s > Then we have f{u) G 



J^^(M'^). Moreover if f vanishes at order p + 1 at 0, where p G N, then ||/(n)||,^'3 < C||ti|'^'*'"^ 



Proof. Proposition 11.1.19] and [T. 1 . 201 follow respectively from the definition and Sobolev embedding. 
By the chain rule, for |a| + \(3\ < s, x°^d^ f{u) may be written as the sum of terms of following form: 

x"/('=)(n)(a^i'u)...(a^^-u), 

where k < s, \a\ + IftI ^ |/3j| > 0,i = I, . . . ,k. Let jo be the index such that is the 

largest among |/3i|, . . . , Thus we must have \(3i\ < f , i / jo- By the assumption on s and 
proposition 11.1.201 d'^u G L°°(M'^) if I7I < |. We then estimate the factor x°'d^^ou of the above 
quantities in L^-norm and others in L°°-norm. Thus we have f{u) G J^'^(R'^) by proposition 11.1. 2"0l 
When / vanishes at at order p + 1, by Taylor formula there is a smooth function h such that 
f{u) = u^^^h{u). Then we argue as above to get an upper bound of 11/(^)11,^^" by C||u||^3||u||jfs. 
This concludes the proof. □ 

Remark 1.1.3. Proposition \1.1.21\ actually holds true for s > d/2 if we argue as the proof of 
corollary 6.4-4 Since we will consider only in o?f'(M'^) for large s, the lower bound of s is 

not important. 

1.2 Statement of main theorem 

Let d be an integer, d > 1 and F : M ^ M a real valued smooth function vanishing at order k + 1 
at 0, K G N*. Let m G Ml . we consider the solution v of the following Cauchy problem: 



(1.2.1) 



' {df - A + |xp + m'^)v = F{v) on [-T,T] x 
v{0, x) = evQ 
dtv{0,x) = evi, 



where vq G J^'+'^{R'^),vi G Jf"^(M'^), and e > is a small parameter. By local existence theory 
one knows that if s is large enough and e G (0, 1), equation p.2.ip admits for any {vo,vi) in the 
unit ball of J^'^'^^ {W^) x ''(R'^) a unique smooth solution defined on the interval |t| < ce~'^, for 
some uniform positive constant c. Moreover, ||t;(t, + | •)! | s may be controlled by 

Ce, for another uniform constant C > 0, on the interval of existence. The goal would be to obtain 
existence over an interval of longer length under convenient condition by controlling the Sobolev 
energy. Our main result is the following: 

Theorem 1.2.1. There is a zero measure subset M o/M^ and for every m G — -^f, there are 
eo > 0, c > 0, So G N such that for any s > sq, s £ N, e G (0,eo), any pair {vo,vi) of real valued 
functions belonging to the unit ball o/^''+^(R'^) x ^^(M'^), problem {UJP has a unique solution 

(1.2.2) ue C°{{-T„T,),J^'+\R'^))nC\{-T„T,),J^'{M.'^)), 

where T^ has a lower bound T^ > ce^a^^^'')'^ for any p > if d > 2 and T^ > ce^ is^^^''-''^ for any 
p > if d = 1. Moreover, the solution is uniformly bounded in J^'^'^^{W^) on {—T^,T^) and dtu is 
uniformly bounded in J^'^{W^) on the same interval. 
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1.3 A property of spectral projectors on 



As we have pointed out P has eigenvalues given by A„ = \/2n + n G N. Remark that n„ is the 
orthogonal projector of L^(M'^) onto the eigenspace associated to A^. Let us first introduce some 
notations. For '^i) • • • > ^p+i P + 2 nonnegative real numbers, let 6o5'^«u^i2 be respectively the 
largest, the second largest and the third largest elements among them and ^' the largest element 
among ,^1, . . . , ^p, that is, 



(1.3.1) 



do = max{^o, • • • , Cp+i}, ^ii = max({^o, • • • , Cp+i} - {Cio})> 
= max({^i, . . . ,^p+i} - teo,^n}), ^' = max{^i,. . . ,^p}. 



Denote 

(1-3.2) fiiCo, Cp+i) = (1 + v^)(l + VCT,). 

Set also 

(1-3.3) 5(^0, - - - ,^p+i) = ICio -Ciil + /^(?o,--- ,^p+i)- 

The main result of this subsection is the following one: 

Theorem 1.3.1. There is a 1^ £ M*^, depending only on p {p £ N*) and dimension d, and for any 
N £ 'N, there is a Cn > such that for any no, . . . , rip^i G N, any uq, . . . , Up+i e L^(M'^), 



(1-3-4) I / UnoUo...Unj,+^Up+idx\ < C'Ar(l + ^/re~)'" ^^"°'' ' ' '^^^-^1^ TT ||^j||^2. 

J Jyno, ■ ■ ■ ,np+i) ^.^^ 

Furthermore if d = 1, we may find for any ? S (0, 1) 



nQr.N I /tt tt ^i^^ (1 + ^/^) ^(no,...,np+i)^ -pj 

(1.3.5) I / UnoUo...Un^+,Up+ldx\ <Cn- . i i I l^i 1 " 

Proof. By the symmetries we may assume no > n-i > - - - > np+i. Then recalling the definition of 
Xn in (jl.l.ip , we only need to show under the condition of theorem 11.3.11 

f (An A„ )^ 

(1.3.6) I / UnoUo...Un^^^Up+idx\ < CatA;; _ J' — 
and when d = 1 

/X'^ (X X 1^ 
n^o^o . . . Ilr,^+,Up+idx\ < Cn 1."' w|>,2 X2M% X W H H^jHi' 

^no J — u 



for any q G (0, 1). We follow the proof of proposition 3.6 in [13]. Let A be a linear operator which 
maps D{P'^^) into itself. We define a sequence of operators 

(1-3.8) An = [P'',An-i]; = A. 

Then using integration by parts we have 

(1.3.9) (A^Q - Xn^)^{A n„,ui,n„ono) = (AArHn^ui, n„oUo). 
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Now we set A to be the multiplication operator generated by the function 

a{x) = (n„2U2) . . . (n^p+ittp+i). 
Then an induction argument shows 

(1.3.10) An= Y1 Co,p^{d"a)x^d^ 

m + h\<N, \a\ + \/3\ + \-y\<2N 

for constants Ca/s-y Therefore we compute for some u' > ^ 

l(Ano - -^nj^y (n„o^^o) • • • (nnp^,Up+i)dx\ 

.-^3-^^^ <C \\{d''a)x^dmn,Ui\\L2\\Un,Uo\\L^ 

^ ■ ■ ) m + h\<N, |a| + |/3| + |7l<2Af 

< ^ ||a||^^'+ic«i||nriiUi||j^i/3i+i7i||n„oUo||L2) 

|/3| + |7|<Af, |a| + |/3| + |7l<2Af 

where in the last estimate we used definition 11.1.21 and proposition 11.1. 201 Remark that by definition 
ll.l.H one has for any s > 

(1.3.12) \\IlnU\\je^ < CX'J\UnU\\L2. 

This estimate together with the proof of proposition 11.1.211 gives for ^2 > ns • • • > rip+i 

P+i 

(1.3.13) < CA;^+'"' n \\^n,Uj\\L2 

for some v > depending only on p and dimension d. Thus we have 



x\ 



K-^no - Ki) J (n„oWo) . . . (n„p_^,'Up+i)d: 

p+1 

<C Y: A:;+HAlfW7lJJ||n„^.n,||^. 

m + b\<N, |a| + |/3| + |7l<2Ar j=0 
p+1 

<C V A'^+^TV-laUlal TT u-\\t2 

(13 14) - "2 J_J_ ll^%"jllL2 

|a|<Ar j=0 

<CA^f^(^)^niinn.-.llL2 

3=0 
p+1 

< CXn^i^XniXni)^ I [nn^ ""i I II^ ■ 
i=0 

Now if A„jA„2 < |A^jj — A^J, then the last estimate implies ()1.3.6p . while if A„^A„2 > |A^g — A^J, 

then |-r^ — — ^ — > ^ and thus (I1.3.6D is trivially true. 

On the other hand, we use the property of the eigenfunctions (see[19j), which in dimension d = 1 

says that if cpn is the eigenfunction associated to A^, then one has ||(/'n||L°° < CXn^' ■ Therefore we 
have 

_ i_ 

(1.3.15) ||n„u||Loo < cAn " ||n„'u||^2 
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since in this case the eigenvalues are simple. This estimate gives us 

(1.3.16) I / UnoUo . . .Ilnj,+ ^Up+idx\ < C Xn^ | |n„^. 1 1^2 . 

Combining (jl.3.16p with (jl.3.6p one gets (|1.3.7p for all > 1 and some > in the case d = 1. 
This concludes the proof. □ 

2 Long time existence 

2.1 Definition and properties of multilinear operators 

Denote by £ the algebraic direct sum of the ranges of the n„'s,n G N. With notations ()1.3.ip . 
()1.3.2p and (I1.3.3P we give the following definition. 

Definition 2.1.1. Let v G M_|_, r G M, p G N*. We denote by A^p+i the space of all p + 1-linear 
operators (ui, . . . , Up+i) M{ui, . . . , tip+i), defined on £ x ■ ■ ■ x £ with values in L^(M°') such that 

• For every {uq, . . . , rip+i) G W^'^,ui, . . . , Up+i G £ 

(2.1.1) n„jM(n„,Mi,...,n„^+,np+i)] = 0, 

if |no - np+i| > i(no + rip+i) or n' max{ni, . . . , rip} > Tip+i. 

• For any G N, there is a C > such that for every (no, . . . , Wp+i) G N^"*"^, 
Ml, ... , Up+i G £, one has 

||n„o [M(n„iMi, . . . ,n„p_^,up+i)]||^2 

< (7(1 + + ^AVfT) (l + Vn') — llll^lli^- 
.si^no, . . . , rip+i) ^.^^ 

The best constant in the preceding inequality will be denoted by I l-^l Ia^";^^ • 
We may extend the operators in -Mp'^i to Sobolev spaces. 

Proposition 2.1.2. Let v G M+, r G M, p G N*, s G N, s > + 3. Then any element M G M^'pl^ 
extends as a bounded operator from x • • • x ^'^(M'^) to ^^-^-1(1^°') ■ Moreover, for any 

So G (i^ + 3, s\, there is C > such that for any M G Aip^i, and any ui, . . . , Up+i G 

P+l r 

(2.1.3) \\M{uu...,Up+i)\\^s-r-i < C\\M\\^.,r^^^Yl W^jlU^IllWklU^o 

j=l L k^j 

Proof. The proof is a modification of proposition 4.4 in [10] . There is one derivative lost compared 
to that case. We give it for the convenience of the reader. Using definition 1 1 . 1 . 1 1 we write 

(2.1.4) \\M{ui,...,Up+i)\\l^s-r-i 

<cT.\\T.---Yl n„o^(n„,ni, . . . ,n„^^,Mp+i)||i,(i + ^f'-^^-^ 

no ni np+i 
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Because of (|2.1.ip and using the symmetries we may assume 

(2.1.5) no ~ np_|_i and ni < ■ ■ ■ < Up < np+i < Cuq 

when estimating the above quantity. Consequently, we have 

^2^g^ ^(no,...,np+i) ~ (l + ^)(l + y7VfT), 

S{no, . . . ,np+i) ~ |no - np+i| + ^{no, . . . ,np+i). 



By (|2.1.2p the square root of the general term over uq sum in (j2.1.4p is smaller than 

^/n^Yfi^no, ...,np 
5(no, . . . ,np+i)^ 



(2.1.7) C 2^ (l + V^) ^7- — -TTv iil|nn,%||i2. 



7ii<---<np+i 

We have by (12X5)1 and (I2X6D 

/Li(no,...,np+i) l + ^/n^ 



(2.1. 



5(no, . . . ,np+i) l^/nj^- ^/n^l + 1 + ^/n^ 



The following fact will be useful in this section: For q £ N, A > 1 and > 1, there is a C > 
independent of q and A such that 

^ ^ ^ |^(|V^-^|+^)^-'^^^-2- 

Let i > 2 be a constant as close to 2 as wanted. Using (j2.1.8p and (|2.1.9p we deduce 

(2.1.10) , 

^ S{no,...,np+iY 

We estimate the sum over ni < ■ ■ ■ < Up^i in (j2.1.7p by 



2^ si lil|nn,^^j||L2 1 

(2.1.11) n.<-<-,^^ 

^ ' ' 2N-i P \l/2 

E (1 + ^)2^-'(i + V^)"^2]v3r n linn,^illL2||n„^+,^/p+i||22 j 

ni<---<np+i jf=l 

Using (j2.1.10p to handle rip+i sum, we bound the first factor in ()2.1.1ip from above by C(l + 

AA'<))^n^=ill%IIJf''o if So > 1^ + 3 using definition I l.l.li Incorporating (1 + y^)2 into the second 
factor, we have to bound the quantity 

/ 2N-i P \l/2 

(2.1.12) Yl {i + v^o?'-\i + v^pr 

By (|2.1.5p and fi < S we have 

(2.1.13) (1 + V^)2-i(|)2A^- < C{1 + ^/7^^)2-i(|)^ 
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if > i. Plugging in (j2.1.12p . (j2.1.1ip and then (j2.1.4|) we bound from above the no sum in (j2.1.4p 

by 

(2.1.14) 



p p 

I I I I I I I „ I I r 9 I I I I ^ . 7/,^ I 1 I ' ^ 

' S' 

1 nl<■■■<np-^-l<Cn^ j=l 



CYl\\uj\\jfso (1 + V^)''"'(l + ^/^)"(f)'^ll^".^Jll^'ll^"p+l"p+lll^'^• 



Changing the order of sums for no and np+i, we then use (12.1.10p to handle no sum and get a 
control of (j2.1.14p by CJ^^^-^ 1 1%| I^sq I l^p+il 1^^= according to definition 1 1.1. II if s > v + 3. This 
concludes the proof. □ 

Let us define convenient subspaces of the spaces of definition 1 2. 1.1[ 
Definition 2.1.3. Let v G M+, r G M, p G N*, cj : {0, . . . ,p + 1} ^ {-1,1} 9«wen. 

• ^/ ^ij) + 0, we set M;'1,{u;) = M;^1,; 

• If Yl^=o^{j) = 0; '^^ denote by the closed subspace of Mp^i given by those M G 
■Mp^i such that 

(2.1.15) n„„M(n„,ui,...,n„^^,Hp+i) = 

for any (no, . . . , np+i) G N^"*"^ such that there is a bisection a from {j; < j < p + 1, u}{j) = 
— 1} to {j\ < J < p + 1, oo{j) = 1} so that for any j in the first set n^(^j^ = Uj. 

We shall have to use also classes of remainder operators. If ni, . . . , n^+i G N and jo G {1, . . . ,p+ 
1} is such that n^p = maxjni, . . . , np+i}, we denote 

(2.1.16) max2{^/rn, • • • , V^p+i) = 1 + max{^/n7 ; 1 < j < p + l,i / Jo}- 

Definition 2.1.4. Let v G M4., r G M, p G N*. We denote by 'R-p^i the space of C {p + l)-linear 
maps from £ x ■ ■ ■ x £ ^ L^(M°'), (ui, . . . , Up+i) R{ui, . . . , Up+i) such that for any G N, there 
is a C > such that for any (no, . . . , ?^p+i) G N^^^, any ui, . . . , Up+i G £, 

max ( /n~ /n Y~^^ ^"^"^ 

(2.1.17) \\Un,RiUn,uu . . . ,n„^^,np+i)||^2 < C{1 + ' 11 H^^'H^^- 

(1 + V^o H \- V^VklJ ^^^^ 

The elements in Tlp^i also extend as bounded operators on Sobolev spaces. 

Proposition 2.1.5. Let v G M+, r G M, p G N* 6e given. There is so G N smc/i t/iai /or 
any s > sq, any R G T^p'J^i, (ui, . . . ,Up^i) — > R{ui, . . . ,Up+i) extends as a bounded map from 
jr^(M"') X • • • X jr"(]R^) ^ jr2^-''-^~'^(M"'). Moreover one /ias 

(2.1.18) \\R{ui, . . . ,Up+i)\\j(f2s-,.-T^7 < C ^ ll^iil|jr''||?^i2lL^= H ||^^fc||jf»o 

l<ii<j2<p+l ky^ji,kj^j2 

Proof. We may assume r = 0. By definition 1 1.1. II we have to bound ||n„yi?(ni, . . . ,Up+i)||i2 
from above by (1 + ^/n())~'^^~^'^~^'^ for a sequence (c„„)„o in To do that we decompose Uj as 
'^rij ^rijUj and use (I2.1.17p . By symmetry we limit ourselves to summation over 

(2.1.19) ni<---<np+i, 
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from which we deduce 



(2.1.20) max2(Vn7, = 1 + ^/n^. 
Therefore we are done if we can bound from above 

(2.1.21) c E (1 + '[ H'^ + ^'"°<^ + ^'"''^ + 

by (l + y^)~^''"'"^^'^c„(, for sq, s large enough with s > sq since ||nn^.Mj||^2 < C {1 + ,Jrrj)~'^\\uj\\_^s . 
Using (j2.1.19p we get an upper bound of (j2.1.2ip by 

(2-1-22) C y , ^ ^^"^ ^TT(i+ /7U)-o 

Using the fact XlneN (v^+a)^ — J^-'^ for N > 2 and A > 1 , we take the sum over n-p+i to get an 
upper bound of ()2.1.21|) by 



^1+ /frY+^-'^'' 



-so 



if N > 2. Now take N = 2s — u — ^ and sum over rii, . . . , Up. This gives the upper bound we want 
and thus concludes the proof. □ 

Definition 2.1.6. Let G M+, r G M, p G N*, u; : {0, . . . ,p + 1} ^ {-1,1} be given. 

• V Ejid ^(i) / 0> we set iip'liiuj) = TZ^'l-^; 

• IfYl^=o ^{j) = 0) '^^ denote by Tlp^i{u>) the closed subspace ofTZp^i given by those R G -Mp^i 
such that 

(2.1.24) n„,i?(n„,ni,...,n„^^,np+i) = 

for any (no, . . . , ?^p+i) G N^^^ such that there is a bijection a from {j; < j < p + I, io{j) = 
—1} to {j; < j < p + 1, w(i) = 1} so that for any j in the first set n^(^j-^ = Uj. 

2.2 Rewriting of the equation and the energy 

In this subsection we will write the time derivative of the energy in terms of multilinear operators 
defined in the previous subsection. To do that, we shall need to analyze the nonlinearity. Decompose 



(2.2.1) -nv) = -Y:'-h^-'^'+G[v) 



p=K ^ ' 

where G{v) vanishes at order 2k; + 1 at w = 0. One has 



'"''' = ^E---E(nn,t^)...(n„,^,z;) 



cv 

n\ rip+i 
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for a real constant c. One may also write this as Ap{v) ■ v where Ap{v) is an operator of form 
(2.2.2) Ap{v) ■w = Y,---Yl ^(^1' • • • ' np+i){'nn,v) . . . {Un,v){Un^^,w), 



where B{ni, . . . , np+i) is a real valued bounded function supported on max{ni, . . . , Up} < np+i and 
B is constant valued on the domain maxjni, . . . ,np} < n^+i. For instance, when p = 2, one may 
write 

{(ni, n2, ns); nj G N} = {max{ni,n2} < n^} U {ni > n2 and ni > n^} U {ni < n2 and n2 > ns} 
and 

X] (^"1 ^) (^"2 (J^nsV) = l{max{ni ,n2}<m} (n„i u) (H^^ W ) (J^n;V) 
ni n2 ns 

+ I{n3>n2 and n3>ni} (Hni ?^) (n„2 w) (n^g t^) + ^ I{n3>n2 and n3>ni} (Hni w) (n„2 u) (ling f ) 

using the symmetries, so that in this case 

5(72,1,71.2,713) c(l|[jiax{ni,n2}<™3} ~^ "^{"3>"2 and n3>ni} ~l~ -^{n3>n2 and n3>ni})- 

So if we make a change of unknown u = (Dt + Afn)v with 

A = Am = V-A + + 7^2, 

we may write using (12.2. ip 



(2.2.3) (a-a^)u = -E^p(a;;^(^))a™^(^) + g(a^H^)). 

Denote C{u,u) = Ap(^^mH^)^ so that 

(2.2.4) (A - A^)7/ = C(n, n)7z + C7(n, u)u + G (a„1(^^)^ . 
We have to estimate for the solution u of (|2.2.3p 

(2.2.5) Osiuit, •)) = ^(AXt, •), AXt, •))• 

Now comes the main result of this subsection: 

Proposition 2.2.1. There are v E M4- and large enough sq such that for any natural number 
s > So, there are: 

• Multilinear operators G -^p+i "(f-^^); n < p < 2k — 1, < £ < p with ujn defined by 

= j = 0, . . . ,£, uJi{j) = l,j = i + 1, . . . ,p + I and a = 2 if d > 2 and a = ^ — ? for 
any <; S (0, 1) if d = 1; 

• Multilinear operators Mf G (toi) , k < p < 2k — 1, < £ < p with ajg defined by 
^eU) = -1, j = 0,...,£,p + l, uji>{i) = l,j =£ + l,...,p; 
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• Multilinear operators G Tlp^l{uji), G TZp^Ktoe), k < p < 2k — 1, < i < p; 

• A map u —>■ T{u) defined on =^*(M°') with values m M, satisfying when \ \u\\,^s < 1, |T(n)| < 
C\ lu] I j^l"^ 

such that 

2k- 1 p 



^Qs{u{t, •)) = X] i{M^{u, . . . ,u,u, u},u 

p=K e=o 



e p+i-e 

2k— 1 p 2k— 1 p 

" 'u, . . . ,U,U, . . . ,U),U} 



(2.2.6) + XI XI -^"^ i{Mf{u, ...,u,u,...,u,u),u)+ ^^Re i{R^{i 

2k;-1 P ^ 

+ i{R^{u, . . . ,u,u, . . . ,u,u),u) + T{u). 

Proof. We compute according to (j2.2.4p 

(2.2.7) j^QsHt, •)) = Re iiAt^Dtu, A^n) 

= Re i{Af^C{u,u)u,Afnu) + Re i(A^C(u, u)n, A^u) + i?e i(A^G(A;;,^( " ^ ^ )), A^tt). 

The last term in the right hand side of (j2.2.7p contributes to the last term in (j2.2.6p by proposition 
ll.l.21[ Let us treat the other two terms in the right hand side of (|2.2.7p . 

Lemma 2.2.2. There are G Mpll'^iuJi), R^ G U^j^liuJi), K<p<2K-l,0<e<p with 
defined by u!£{j) = —1, j = 0, . . . oJiij) = 1, j = + 1, . . . ,p + 1 and a = 2 if d>2 and a = ^ 
for any q ^ (0, 1) if d = 1, such that 

2k~1 p 

Re z(A,^C(u, u)u, A^n) = ^ ^ Re i{Mf{u, . . . , u, u, . ,u^ ,u) 

p='^ ^=0 e. p+i-i 

(2 2 8) 

^ ' ' ^ 2k-1 p 

+ Re i{R^{u, . . . ,u,u, . . . ,u),u) . 

p=K e=o ^ } ' ^ThCT 

Proof of Lemma \2.2.Sk Let x be a cut-off function near with small support and A„ defined in 
(jl.l.ip . We may decompose the operator Ap{v) defined in (j2.2.2p as 

(2.2.9) Ap{v) = Aliv) + Aliv) + A^v), 

where Apiv)ij = 1,2,3) are operators of form 





Aliv) 


no 


rip+i 


. ,np+i)n„o[(n„,i;) . 


• • (n„pt;)(n„p+ity)]. 


(2.2.10) 


Aliv) 


•^ = X-' 

no 


■ ■ X -^2(^0, • • 


. ,np+i)n„J(n„^t;) . 


■ ■ (nnpV)iUn^^^w)], 




Aliv) 


•^ = X" 

ni 


■•X^3(ni,.. 


. ,np+i)Ilno[iIlniV) . 


■ ■ (nnpV)iUnp^^w)], 
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with 



Bi{no, . . . ,np+i) = B{ni, . . . ,np+i)x( ^ 2 1 ) l{max{ni,...,np}<5np+i} 



|\2 _ \2 



52(no,...,np+i) = . . . ,np+i) 1-x 



"0 ' "p+l 

2 \2 



(2-2.11) , ,A /l^no-A;,^, 



\2 I \2 



'-{max{ni,...,np}<5np+i} ) 



Bsim, . . . ,np+i) — . . . , rap+i)l{inax{ni,...,np}>5np+i}> 

with some small 5 > 0. Therefore for the operator C{u,u) defined above ()2.2.4p . we have 

3 2k- 1 



(2.2.12) 



j = l p=K 

So the left hand side of (j2.2.8p may be written as 

, 3 2k-1 



,u + u. 
~2 



(2.2.13) 



3 2k- 1 

j = l p=K 



j = l p=K 

Let us treat these quantities term by term. 

(i) The term I^. 
Note that — 4/^ equals to 



(2.2.14) Re i{ 

which may be written as 



m p \ m \ 2 ' / 



^p I 



m I m 



U, U) 



Re i{ 



(2.2.15) 



A-} 



+ Re i{ 



m K 2 

+ A-1 



n, u) 



4( A„H^) ]K}-[K[K}C^) ]K} 



A^^u,u) :=I + II 



We expand the first term in (j2.2.15p using ()2.2.10p to get 



neNP+2 



(2.2.16) i = Rei{ J2 ^inno (n„,A-i(^)j...(n„^A;;\ ^ 



u + u. 



ll"p+iArn ^ 



= i?e i( Yir2Uno[(nn^Aju) . . . {Un,Aju)iUn,^^Aju) . . . {Un^^^Aju)],u) 

P r 

E E^2 / (n„o'u)(n„iA;;^'u) . . . (n„^A;;^u)(n„^_^jA;;^'u) . . . (n„p+,A;;^n)(ix, 



where we have used notations 



(2.2.17) 



n = (no, . . . ,np+i), 
TTi = 5i(no, . . . , np+i)[(m2 + )^ - (m^ + A, 



2 XSl 
rip+i/ J 
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Let be defined in the statement of the lemma and set 

Sp = {(no, . . . , np+i) G N*'"^^; there exists a bijection cr from 

(2.2.18) {j; 0<j<p+l, uo,{j) = -1} to {j; < j < p + 1, uj.ij) = 1} 

such that for each j in the first set rij = n^(-j)}. 

Now we look at the integral in the last line of (|2.2.16p . If n G 5^ with Sp ^ 0, there is a 
bijection a from {0, . . . ,£} to {£,... ,p + 1} such that Uj = n^f^j-^^j = 0, . . . So we may couple 
IinjU,j = 0, . . . , ^ with n„^^^jM, j = 0, . . . , £. Since 1:2 is real, we get zero if we take the sum over 
n ^ Sp when computing the right hand side of ()2.2.16p . Therefore we may assume n ^ Sp when 
computing I. Now we define 

(2.2.19) Mf'\uu . . .,up+i) = -\Y1 ^2n„o[(n„,A-ini) . . . (n„^^, A^^tXp+i)]. 

It follows from the second equality in (j2.2.16p that 

p 

(2.2.20) / = -4 ^ i?e i(Mf ^(n, . . . ,u,u, . . . ,u),u). 

Let us turn to the term // in (I2.2.15p . Note that Ap{v)* is an operator of form 

(2.2.21) AI{v)*-w= ^ Bi{np+i,ni,...,np,no)Ilno[{'nniv)...{IlnpV){Unp+^w)]. 

neNP+2 

Thus we may compute using (j2.2.10p 
(2.2.22) 

p 

II = Rei{ ^7r3n„J(n„,A-in) . . . (n„,A-^n)(n„,^^ A'^n) . . . (n„^A-^n)(n„^+, A^^u)], 

= Rei ^ / (n„ou)(n„,A;;^u) . . . (n„^A;;^t2)(nn^_^jA;;^u) . . . (n„pA;;^u)(nnp+iA^^/)dx, 



„gNP+2 £=0 



where 
(2.2.23) 



TTs = ^ [Bi(no,ni,. . . ,np,np+i)(m^ + A^^^J 2 - Bi(np+i,ni, . . . ,np,no)(m^ + A^J 2]. 

With the same reasoning as in the paragraph above ()2.2.19l) we get zero if we take the sum over 
n & Sp when computing the right hand side of (j2.2.22p . So we may assume n ^ Sp and define 

(2.2.24) Mfiuu . . . ,up+i) = -\Y1 vr3n„J(n„,A-ini) . . . (n„^A-inp)(n„^^, A^^Up+i)]. 
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It follows from (I2.2.22|) that 

p 

(2.2.25) II = -4^i?e i{Mf^{i 



,u,u,... ,u),u). 



^=0 i p+i^e 

Let us check that M^'^,Mj''^ G 7Wp^^~'*(ti;£) for some > 0, where a = 2 \i d > 2 and 
a = ^ — for any q G (0, 1) if d = 1. Since the function Bi{nQ, . . . , n„p^J is supported on domain 
n' = max{ni, . . . ,np} < Sup^i and no ~ ^p+i (this is because of the cut-off function and (jl.l.ll) ). 
we see that (I2.1.ip holds true if suppx and 6 are small. Let us use theorem 11.3.11 to show that 

ff 1 and Mf 

\2s-l 



(j2.1.2p holds true with t = 2s — a for M?'^ and MT'^. Remark that we have 



(2.2.26) kal <C(1 + |^- V^I)(1 + ^/^+^AVh) 

(2.2.27) IttsI <C{l + V^f{l + \^-,/?^\){l + ^+,/W^)-\ 
Indeed, ()2.2.26p follows from the fact 

|(m2 + Xlj - (m2 + A^^^J^I < C{\Xn, - A„^+J)(l + A„„ + A„^^j2.-i_ 

If n' < 6nQ and n' < 6np^i for small 6 > 0, then 

i?i(no, ni, . . . ,np,np+i) = Bi{np+i,ni, . . . , rip, no) 

since B{ni, . . . , np+i) is constant valued on the domain n' < n^+i. Thus ()2.2.27p follows from the 
fact 

\{m' + Xiy^ - (m2 + A2^^J-^| < C(|A„„ - A„^^J)(1 + A„„ + A^^^J'^. 

Otherwise, assume n' > 5no or n' > (5np_|_i. Then we must have n' > Cno and n' > Cnp+i if Bi is 
non zero, since no ~ np+i which is because of the cut-off function. In this case, (|2.2.27p holds true 
trivially. 

Moreover, on the support of n„QM^''(n„jtii, . . . , n„p^-^iip+i)(Z = 1,2), i.e., no ~ np+i and 
n-p+i > maxjni, . . . , Up} = n', we have 

1 -I- ^/Wi^ ~ 1 -I- Vr?, 

(2.2.28) /i(no,...,np+i) ~ (1 + V^)(l + ^), 
5(no, . . . ,np+i) ~ |no - np+i| + (1 + ^/n^)(l + Vn/), 

from which we deduce 

^2 2 29) ^(no,...,np+i) 1 + 

S(no,...,np+i) ^yn^l + l + Vn/' 

Thus 

(1 + I - ^^|) ^("0'---'"p+i) < c(l + V^). 
5(no, . . . ,np+i) 

Then we use theorem 11.3.11 (with dimension d > 2) to get for I = 1,2 
(2.2.30) 

||n„oMf'(n„iUi, . . . ,n„p^,up+i)||2,2 

< C(l + + V^)^^-^(l + V^r\l + \V^o- ^^|) ^(no,---,»P+ir 

i(no, . . . ,np+ij^' 

< C(l + + V^)--(l + ^).+3 Mno,...,np^i) j-j ||^^.||^^_ 
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So M^*'^ E A^^'^^ ^ for some other > in dimension d > 2. The case of dimension one is similar. 
(I2.1.15P with Lo = uJe is satisfied by definition. Thus Mf'^, Mf''^ G A^p^^~"(a'£) and we have proved 



(2.2.31) I^ = ^Re i{Mf'^{u, . . . ,u,u, . . . ,u),u) + Re i{Mf'^{u, ...^ 



U,U, . . . ,U),U) 



£ p+l-i £ p+1- 



(ii) The term 7^. 
Using (12.2. ini) we get 



(2.2.32) 



2/2 = Rei{ X]''4A^'n„o[(n„,Ajti) . . . {Un,Aju){Un,^,Aju) . . . (n„^+, Ajn)], u) 

£=0 
P r 

^ X] / (n„oA^n)(n„iA~^n) . . . (n„^ A~^u)(n„^^j A.;;,^n) . . . (n„p^,A„^n)(ix 



where 



^4 = ^ ) -B2(no,... ,np+i) 



We may rule out the sum over n & Sp in the above computation with the same reasoning as in the 
paragraph above (j2.2.19p . Thus if we define 

(2.2.33) Rf{u^, . . . ,np+i) = ^ ^4A^^n„„ [(n„, A-^m) . . . (n„^^, A^^Up+i)], 
we have 

p 

(2.2.34) I^ = YRe i{R^f{u, . . . ,u,u, . . . ,u),u). 

£ p+i-e 

From the support property of function B2{nQ, . . . , n^+i) we know that 

Up+i) is supported on max{ni, . . . , Up} < Sup+i and |no - np+i| > c(no + 
Tip+i) for some small c > 0. Therefore, on its support, if no > Crip+i for a large C, we have 

//(no, . . . ,rap+i) = (1 + ^np+i)(l + \/n') < (1 + + 
5(no, . . . ,np+i) = |no - np+i| + (1 + ^/n^)(l + VnJ) ~ (1 + ^/no)'^ 
and if no < Cnp+i, we have 

/i(no, . . . ,np+i) < (1 + \/n')(l + ^/n^^), 
5(no, . . . ,np+i) > c(|no - np+i\) > c(no + np+i) ~ (1 + ^np+i)^. 

In both cases we have 

^2 2 35) //(no,...,np+i) ^ ^ 1 + ^ ^max2(^, . . . , ^/n^) 



S{no, . . . ,np+i) 1 + ^/n^H h ^/n^ l + ^/nJ^H h ^/rvK ' 

where max2(y^ni, . . . , ^np+i) is defined above definition l2.1.4[ Thus theorem 11.3.11 allows us to get 
(|2.1.17p with T = 2s and some u > 0. ()2.1.24p with w = W£ is satisfied by the definition of R^'^- So 
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(iii) The term 1^. 

The treatment of Ip is similar to that of 1^ . The only difference is that we have different support 
for B2 and B^. So we define 

(2.2.36) Rf{ui, . . .,up+i) = -IY1 ^5A^'n„„[(n„,A-iui) . . . (n„^^,A-iup+i)] 



with TTs given by 



and we get 



(2.2.37) ^5 = ^(^)53(ni,...,np+i: 



(2.2.38) I^ = ^Re i{Rf^{u, . . . ,u,u, . . . ,u},u). 

i=o p+i-e 



From the support property of we know that nri(,i2£'^(n„jni, . . . , H^p^-^Mp+i) is supported on 
domain 5np+i < maxjni, . . . , Up} = n' < np+i. So on this domain we have 



/i(no, . . . , np+i) < (1 + ^np+i)(l + V n'), 
S{no, . . . ,np+i) ~ (1 + ./n^ + ^Up+if , 



from which we deduce 



(2.2.39) n{no,...,np^^) 1 + ^ 



^(no, . . . ,np+i) 1 + h ^/rVfi' 

Thus we have by theorem 11.3.11 for any N gN, there exists Cat > 0, such that (I2.1.17P holds true 
with T = 2s and some v > 0. On the other hand, ()2.1.24p with a; = a;^ is satisfied by the definition. 
So Rfen;'ll{ive). 

Taking Mf to be the sum of Mf ^ and Mf ^ and i?^ the sum of R^/ and Rf"^, we get (l2X8]l 



with Mf G -^n+i "(i^^) i?f G TI'^'?1{lu£). This concludes the proof the lemma. □ 



We have to treat the second term in the right hand side of (j2.2.7p . 



Lemma 2.2.3. There are multilinear operators G -^p+i ('^^); -^f ^ ^^p+ii'^i); i^- ^ P ^ 2k— 1, 
< £ < p with L0£ defined by uj£{j) = —1, j = 0, . . . , i,p + 1, uje{j) = 1, j = £ + 1, . . . ,p, such that 

2k- 1 p 

Re i{A^C{u, u)u, A^u) = ^^-^^ iMf{u, . . . ,u,u, . . . ,u,u),u) 
(2.2.40) , 

^ ^ 2k- 1 p 



+ Re i{R^{u, . . . ,u,u, . . . 

P=K e=o ^ } ' 



,U,U),U). 
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Proof of Lemma \2. 2. 31 " Let loi be defined in the statement of the lemma. We set 

Sp = {(no, • • • , n-p+i) e N^^^; there exists bijection a from 
(2.2.41) {j- < j < p + 1, 5,(j) = -1} to {j; < j < p + 1, = 1} 

such that for each j in the first set rij = n^^^)}. 

Taking the expression of C{u,u) defined above (j2.2.4l) into account, we compute using notation 
([2X2D 



(2.2.42) 



Re i{A'^C{u,u)u,u) 

1 ^""^ / u + u \ 

^^"2 X] A-i(^— ) jA-iu,n) 

2k-1 P 

^^^(Yl Yl Z]^6A^'nno[(n„,A-^n)...(n„,A;;,iu) 

P=K neNP+2 1=0 

X (n„^^^A-^u) . . . (n„pA-^n)(n„p+, A-^u)], u) 

2k- 1 p „ 

Re^Yl Yl ^6 / (n„„A^^u)(n„, A-^u) . . . (n„,A-iti) 



p=K neNP+2 £=0 



X (n„,_^^Aju) . . . {UnpAju)(Un^^^Aju)dx, 

where ttq is given by 

(2.2.43) vre = Q i?(ni, . . . , n^+i). 

With the same reasoning as in the paragraph above ()2.2.19l) we may assume n ^ Sp in the com- 
putation of (j2.2.42p . Let x ^ Cq^{M),x = 1 near zero, and suppx small enough. According to 
(j2. 2.421) . we define 

M^iui, . . .,up+i) = \? I )^6A^'n„o[(n„,A-^'ui), . . . , (n„^_^,A~^up+i)], 

i?^(ni, . . . ,Mp+i) = y] ( 1 - x( "° "^+^ j )7r6A^'n„J(n„^A-^ni), . . . , (H^^^^ A-^Up+i)]. 

It follows that (|2.2.40p holds true. 

Now we are left to check that G 7Wp^^"^(w^) and i?^ G TZpf^i^e). 
Because of cut-off function and the support property of function B in the definition of 
we know that (I2.1.ip holds true for Mf and we may assume no ~ np+i when estimating 
norm of n„QMj(n„jUi, . . . , Hnp^-^-Up+i). Since there is a following each orthogonal projector 
Unj , j = 1, • • • we see that ()1.3.4p implies ()2.1.2p with r = 2s — 1 and some v > 0. Moreover, 

()2.1.15p with Lo = uji is satisfied by the definition of Mf. So G Mp^l~^{uje). 

Assume n„Q [ii(n„^iii, . . . , n„p^-^np+i)] does not vanish. Then we have |no— np+i| > c(no+np+i) 
for some small c > because of the cut-off function and np+i > max{ni, . . . , Up} = n' because of 
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the support property of function B. Therefore if no > n', we have 

/i(no, . . . , Up+i) = (1 + Vn'){l + min{^/n^, ^rip+i}), 
S{no, . . . ,np+i) = |no - np+i| + (1 + \/n')(l + min{^/n^, ^rip+i}), 

and thus 

/x(no,...,np+i) ^ ^ 1 + Vn' ^ ^ max2(^, . . . , ^/n^) _ 

5(no,...,np+i) - ^/^+ 1 + ^ - i + h^/rvPi' 

if no < n', we have 

^(no, . . . ,np+i) < (1 + Vn/f, S{no, . . . ,np+i) = |n' - np+i| + //(no, . . • ,np+i), 
and thus 

n{no,...,np+i) ^ ^ 1 + ^ ^ max2(^, . . . , ^/n^) 

S'(no,...,np+i) ~ + i + 1 + ^^ h^/rvfi' 

Now using theorem ll.3.1l we see that (j2.1.17p holds true with r = 2s and some > 0. But ()2.1.24p 
with CO = uj£ is satisfied according to the definition. So i?^ G TZp^Kuic). This concludes the proof of 
lemma. □ 

Summarizing the above analysis gives an end to the proof of the proposition 12.2.11 □ 

In order to control the energy, let us first turn to some useful estimates in the following subsec- 
tion. 

2.3 Geometric bounds 

This subsection is a modification of section 2.1 in [9]. We give it for the convenience of the 
reader. Consider the function on W^'^ depending on the parameter m G (0, +oo), defined for 
£ = 0,...,p + l by 

(2.3.1) F^(^o,...,ep+i) = E\/"''+^|- E V^^'+^l- 

j=0 3=1+1 

The main result of this subsection is the following theorem: 

Theorem 2.3.1. There is a zero measure subset N o/M^ such that for any integers < £ < p+ 1, 
any m € — N , there are constants c > 0, A^o S N such that the lower hound 

(2.3.2) |F^(A„o, . . . , \n,+,)\ > c(l + + + I - + ^'y''''' 

holds true for any p > and any (no, . . . , np+i) G W^"^ — Sp. Here A„ are given by 

n' = maxjni, . . . , np}, and Sp is defined in 112.2.1^) . in which we have set u)e.{j) = —1, j = 

0,...,£, uj{j) = 1, j = ^ + l,...,p+l. 
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The proof of the theorem wih rely on some geometric estimates that we shah deduce from results 
of [10] . Let us show that under the condition of theorem 12.3.11 we have 
(2.3.3) 

\Fi{Xno,. . . , \n,+^)\ > C(l + \/^ + + \V^-V^\y"(^ + • • • + V^y". 



Let I C (0, +oo) be some compact interval and define for < ^ < p + 1 functions 

h : [0, 1] X [0, xI^R 
{z,xo, ■ ■ .,Xp+i,y) 
ge : [0, 1] x [0, 1]^' x / 
(z, Xi , . . . , Xp , y) 



(2.3.4) 



fe{z,xo, . . .,Xp+i,y) 
R 

ge{z,xi,...,Xp ,y) 



by 



feiz,xo,, 



P+i 



(2.3.5) 



-i,y) = J2\/ ^'^ ^y^^'j ~ Yl yz^ + y^x'j 

j=0 j=£+l 
I V 



^{z,xi,. ..,Xp,y) = z 



ge{0,xi, . . . ,Xp,y) = 0. 



E 



j=l ^/z'^ 



E 



when z > 0, 



Then the graphs of fe,ge are subanalytic subsets of [0, 1]^^^ x / and [0, 1]^^^ x I respectively, so 
that fi, ge are continuous subanalytic functions (refer to Bierstone-Milman [5] for an introduction 
to subanalytic sets and functions). Let us consider the set T of points {z,x) G [0, l]^"'"^(resp. 
{z,x) G [0,1]^^^) such that y — > fi{z,x,y) (resp. y —>■ gi{z,x,y)) vanishes identically. If {z,x) S F 
and z 7^ 0, we have 

and Xl^f ~ Yl = 0,VkGN* 

j<i j>E+l 

where the sum is taken respectively for < j < p + 1 in the case of and 1 < j < p for gg. This 
implies that there is a bijection cr : {0, ...,£} —> {£ + 1, ■ ■ ■ ,p + l} (resp. {1, . . . — > {^+1, . . . ,p}) 
such that a^o-O) = for any j = 0, . . . , i (resp. j = 1, . . . , i) — see for instance the proof of lemma 
5.6 in [To]. When p is even, denote by Sp the set of all bijections respectively from {0, . . . , |} to 
{f + 1, . . . ,j9 + 1} and from {1, . . . , f} to {|, . . . ,p}. Define for < ^ < p + 1 



p 
2 



Pe[z,x) 



if 



(2.3.6) 



^ 2' 



peiz,x) = zY{ (^^^O') 



X^) 



if 



P 

2' 



where the sum in the above formula is taken for j > (resp. j > 1) when we study (resp. g^). 
Then the set {p£ = 0} contains those points [z,x) such that y f£{z,x,y) (resp. y — > g£{z,x,y)) 
vanishes identically. The following proposition is the same as proposition 2.1.2 in [S]. 

Proposition 2.3.2. (i)There are N e N,ao > 0,5 > 0,C > 0, such that for any < £ < p^+ 1, 

any a £ (0, oq); o'^y i^i^) £ [0,1]^"*"^ (resp. {z,x) £ [0,1]^+^^ with pi{z,x) / 0, any N > N the 
sets 



(2.3.7) 



ll{z,x,a) = {y £ I; \fi{z,x,y)\ < api{z,x)^} 
If{z,x,a) = {y £ I- \gi,{z,x,y)\ < api{z,x)^} 
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have Lebesgue measure bounded from above by Ca^ pi{z,x)^^ . 

(a) For any N > N, there is K ^ N such that for any a £ (0, ao), any (z, x) G [0, 1]^^"*^, the set 
I^{z,x,a) may be written as the union of at most K open disjoint subintervals of I. 

We shall deduce (j2.3.3p from several lemmas. Let us first introduce some notations. When p is 
odd or p is even and £ ^ |, we set = 0. When p is even and ^ = |, we define 

N'f = |n = (ni , . . . , n„) G N^; there is a biiection 

(2.3.8) e I \ ^ pj 

a : {1, . . . , i} ^ {i + 1, . . . , p} such that ng-Q) = nj,j = !,...,£}. 

We set also 

(2.3.9) NP+^ = {(no, . . . , Up+i) € n € and uq = np+J. 
Of course, N^^^ = if is odd or p is even and ^ / |. 

We remark first that it is enough to prove ()2.3.3p for those (ni, . . . , Up) which do not belong to N^^: 
actually if p is even, ^ = | and (ni, . . . , Up) e N^^, we have |F4(A„o, . . . , Xnp+i)\ = \^/m'^ + Xj^^ — 

m? + A^^^^ I which is bounded from below, when m stays in some compact interval, by 

2|no-np+i| ^ c 



^/m' + Xi^ + Jm2 + A2 1 + A„o + An^^^ 



since from (no, . . . , np+i) G W^"^ — Sp, we have no 7^ np+i. Consequently ()2.3.3p holds true trivially. 
From now on, we shall always consider p— tuple n which do not belong to N^^. 
Let us define for i = 1, . . . ,p another function on given by 



(2.3.10) GU^^^...,^p) = Y,Jrn^ + ^]- E J^' + C 



2 
j ■ 

j=i j=i+i ' 



Let J C (0, +00) be a given compact interval. For a > 0, Nq £ N,0 < £ < p+l, n = (no, . . . , np+i) G 
define 

^2 3 E^j{n,a,No) = {m G J; |F^(A„o, . . . , A„^^J| < a(l + A^o + A^^+J^^-p 

x(l + |A„„ - A„^^J)-^o(l + A„, + • • • + A„J-^n- 
We set also for /? > 0, iVi G N*, n = (ni, . . . , np) G - N^^ 



(2.3.12) E'j{n, P, Ni) = {m G J; 

We define for 7 > /3 a subset of N^^^ by 



dm 



■ {X-iii , . . . , Xrip ) 



</3(l + A„, + --- + A„J-^i} 



S(/3,7,iVi) = {(no, . . . ,np+i) G - Nf+' : A,, < -L(i + + • • • + Xn,f' 

(2.3.13) 

or A„^+, <^(l + A„, + --- + A„J^n. 
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Lemma 2.3.3. Let N,5,ao be the constants defined in the statement of proposition [2. 3. There 
are constants Ci > 0,M £ N* such that for any (3 £ (0,ao); ^^2/ Ni £ N with Ni > MN and 
Ni>^, one has 



(2.3.14) 
Proof. Set y 



and 



meas 



Xn,Z , J = 1, 



Denote by X the set of points {z,x) G [0, 1]^+^ of the preceding form for (ni, . . . ,np) describing 
N^. When p is even and £ = p/2, let X'f be the imagine of N^^ defined by (^XH]) under the map 
n — > (z, x). Using definition (j2.3.6p . we see that there are constants M > 0, C > 0, depending only 
on p, such that for < £ < p + 1 



(2.3.15) 



since , when ^ = | and (ni,...,np) ^ N/, Z]|=i(\i^(j) 
Remark that with the above notations 



y{z,x) £X -X'l , z^^ < pe{z,x) < Cz 

ip v-i /\2 _ ^2 )2 > 1^ by the definition of A„,. 



dm 



(Ani, • • • , A„p) — ^ 



m 



1 



^ : - ^ = -gi>{z,xi,. . . ,Xp,y). 

j=i J m? + A2 / m2 + A2 ^ 



Then if / = {m ^; m E J}, we see that m E Ej{h, /?, A^i) for n ^ N^^ if and only if y = satisfies 
(2.3.16) b£(^,xi,...,xp,y)| </3z^i+i </3p,(z,x)i?(^i+i) 

using (j2.3.15p . Applying proposition 12.3.21 (i), we see that for any fixed value of {z,x) £ X — X'^, 
the measure of those y such that (j2.3.16p holds true is bounded from above by 

Cp^pe{z,x)^^ < Cp^z^^ 

if we assume A''! > MN and (3 £ (0, oq)- Consequently, we get with a constant C depending only 
on J, 

meas{E'j{n',l3,Ni)) < (1 + A„, + • • • + A^J-t-^ 

< C'(5\l + ni + --- + np)-^\ 

Inequality (j2.3.14p follows from this estimate and the assumption on A'^i. □ 

Lemma 2.3.4. Let N,6,ao be the constants defined in the statement of proposition [2.3. There 
are constants M E N*, 6* > 1, C2 > such that for any Nq,Ni £ W satisfying Nq > NMNi and 

N06 > 2{p + 2)MA''i, any < /5 < 7 with ^ > 9, any a > satisfying a(^) < ao, one has 

N, 



(2.3.17) 



meas 



neS{/3,7,Afi) 



27 
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Proof. We first remark that if A„g + A^^^-^ > ^(1 + A„j^ + • • • + Xnp)'^^ and n G S{P,^,Ni), tlien 
eitlier 



Ano > + Ani H h Anp)^^ 



27 

or An^+i > — (1 + Ani + --- + Anj 



which implies that 



|F^(A„„, . . . , A„^^J| > c^(l + A„, + • • • + A^J^i 



for some constant c > depending only on p and J, if ^ > ^ large enough. Consequently, if q < oq 
small enough relatively to c, we see that we have in this case Ej{n, a, Nq) = when n G S{(3, 7, A'"i). 
We may therefore consider only indices n such that 

n G 5(/3,7,iVi) and A„o + A„^+, < ^(1 + A„i + • • • + AnJ^^ 
Consequently, for m G Ej{n,a, Nq) and n G S{P,"f,Ni), we have 



|F^(A„o,...,A„^_^J| < a(l + A„, +--- + AnJ 



-No 



(2.3.18) 



, No 

<"i^) (i + A„o + --- + A„^+i; 



Define for n G W+'^ 
(2.3.19) 



P+i 



'1 + ^A„J \ j;^ = A„^z, j = 0, . . . ,p + 1. 

i=o 



Denote by X C [0, 1]^+^ the set of points {z, x) of the preceding form, and let be the imagine 
of the set N^+^ defined by (|2X9]) under the map n — > (z, x). By (j2.3.6p we have again 

V(z, x) £ X-X'f , z^' < pi{z, x) < Cz 
for some large enough M, depending only on p. Moreover 

FLi^no,---,Kp+i) = '^fe{z,xo,...,Xp+i,y) 
and (12.3. ISp implies that if n G 5(/3, 7, A^i) and m G Ej{n,a, Nq), then y satisfies 



(2.3.20) 



_JVg 



1+^ 



j3 \ 

\fi{z,XQ,...,Xp+i,y)\<Ca[ — \ z "1 



< Ca 



27 



"0 



1 n I ^o-i 
' pe{z,x)'"^^'^i' 



We assume that a,NQ,Ni satisfy the conditions of the statement of the lemma. Then by (i) of 
proposition 12.3.2] we get that the measure of those y G J satisfying (j2.3.20p is bounded from above 
by 

.27. 



C 



a 
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for some constant C, independent of Nq, Ni, a, Consequently the measure of E^j{n,a, Nq) is 
bounded from above when n G S{(3,^,Ni) by 



C 



a 



27, 



1 + AriQ + • • • + ^n.p+i 



< c 



a 



I3\-N- 
27 



1 



1 + no H h np+i 



2M '.-^^ iVi I 



for another constant C" depending on J. The conclusion of the lemma follows by summation, using 
that A(i + |a)>2(p + 2). □ 



Proof of theorem \ 2. 3. 1[ : We fix Nq,Ni satisfying the conditions stated in lemmas 12.3.31 and 12. 3. 4^ 
and such that iVo > 2p + iVi. We write when n ^ 5(/3, 7, A^i), < £ <p+l, 

E'jin, a, No) C [i?5(n, a, No) n E'j{h, /?, Ni)] U [Ej{n, a, No) n {E'j{h, /?, iVi)^] 

and estimate, using that we reduced ourselves to those h ^ N^^ 

(2.3.21) 



meas 



U E'j{n,a,No 



< meas 



+ meas 



U E'j{n,a,No) 

ne5(/3,7,Ari) 



+ meas 



U E'j{n,(3,Ni] 



u 



^5(n,a,iVo) nEj^(n,/?,iVi 



ne5(/3,7,Afo)'=-Nf+' 



Let us bound the measure of Ej{n, a, No) n E'j{h, P, Ni)^ for n E S(/3, 7, A^o)' - Nf^l If m belongs 
to that set, the inequality in (j2.3.1ip holds true. Remark that we may assume i < p : if i = p + 1, 
l-^mC-^no) • • • ) ■^np+i)| > c(l + A„p + Anp+J for some c > 0, which is not compatible with (j2.3.1ip for 
a < ao small enough. Let us write (|2.3.1ip as 



(2.3.22) 



|Ano — ^np+i + Gm(Ano5 ■ ■ ■ , ^np+i)\ < Oi{l + A„q + Xup+i) ^ 

X (1 + |A„o - An,+J)-^o(l + A„, + • • • + A„J-^° 



with, using notation (j2.3.10p 

Gm, (-^no 1 • • • ) '^rip+i ) — Gffi ) • • • i '^rip ) ~l~ Urn {^no i -^np-|-i ) 

(2.3.23) 



Rm{Ko,Kp+i) = {\Jrrfi + >?no - ^no) - {yjm? + >^lp+^ - Kp+^)- 
Since n £ 5(/3,7, A^i)^ we have by (I2.3.13P 



(2.3.24) A„„ > -L(i + + . . . + A„J^^ , A„^+, > -L(i + + • • • + A„J^i. 

Consequently there is a constant C > 0, depending only on J, such that 



7 



|^(Ano, A.,,J| < C^(l + A„, + • • • + A.J-^^ 
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If 7 is large enough and m £ Ej{h, /5, A^i)*^, we deduce from ()2.3.12p that 

(2.3.25) • • • ' ^ f + V + • • • + A„J-^^ 

By (ii) of proposition 12.3. 2| we know that there is K G N, independent of a,/3, 7 such that the set 
J—Ej{h, /?, A^i) is the union of at most K disjoint intervals Jj{n, (3, Ni) , 1 < j < K . Consequently, 
we have 

K 

(2.3.26) E^j(n,a,NQ) n {E%h,j3,Ni)Y C J{m G Jj{n,P,Ni); (12.3.221) holds true}, 

i=i 

and on each interval Jj {n' , f3 , Ni) , ()2.3.25p holds true. We may on each such interval perform 
in the characteristic function of (j2.3.22p the change of variable of integration given by m — > 
G'm(Ano) . . . ) ^up+i)- Because of ()2.3.25p this allows us to estimate the measure of ()2.3.26p by 

K^ail + A„„ + A„^^J-^-''(l + |A„o - A„^+J)-^o(l + A„, + • • • + A„J-^o+^^ 
< CK^a{l + no + np+i)-5(3+p)(i + |^ - ^/7i^|)-^o(i + + . . . + np)-5(^o-JVi) 

Summing in no, . . . ,np_|_i, we see that since A'^o > 2p + Ni, the last term in p.3.2ip is bounded 
from above by C^^ with C3 independent of a, f3, 7. By lemmas [2.3.31 and 12.3.41 we may thus bound 
(j2.3.2ip by 



if a, [3 are small enough, 7 is large enough and a(^) ^1 is small enough. If we take (3 = a" , 7 = 0°" 
with fj > small enough, and a <C 1, we finally get for some 5' > 0, 



meas 



[j E'jin,a,No) 



< Ca^' ^ if a ^ 0^ 



This implies that in this case the set of those m £ J for which (|2.3.3I) does not hold true for any 
c > is of zero measure. This concludes the proof. □ 

We will need a consequence of theorem 12.3.11 . 

Proposition 2.3.5. There is a zero measure subset M 0/ such that for any integers < £ < 
p + 1, any m G Ml — M, there are constants c > 0, A'^o G N such that the lower bound 



(2.3.27) |F^(A„o,...,A„^^J| >c(l + ^ + ^/7vTr)-3-^(l + \/^) 



-2jVo ^("-0^---.^P+l)^^° 

5(no,...,np+i)2Afo 



holds true for any p > and any (no, . . . , np+i) G N^'^^ — Sp with uq ~ n^+i and np+i > n' . Here 
Xn, n' , Sp are the same as those in theorem ] 2. 3.1[ 
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Proof. By theorem 12 . 3 . 1 1 we know (|2.3.2p holds true under the conditions of the proposition. Since 
we assume no ~ rip^i and n^+i > n' , we have by (ll.3.2p and ()1.3.3p 



/i(no, . . . , np+i) ~ (1 + + V n'), 

(2.3.28) 5(no, . . • ,np+i) ~ |no - np+i| + (1 + ^/n^)(l + \/n') 

~ (1 + y/np+i){l + l^n^- yrip+il + a/t?). 

Therefore we deduce from (I2.3.2p 

(\ _(_ /7j \'iNo 

\Fi{Xno,. . . , A„^^J| > c(l + ^+ ^7^)-3-P^ Vjli^ 



5(no,...,np+i)2A^o 
> c(l + + yn;^)-3-''(l + V^) 



5(no,...,np+i)2A^o' 



This concludes the proof of the proposition. □ 

In the following subsection, we shall also use a simpler version of theorem l2.3.1i Let us introduce 
some notations. For m £ W^, £ W, j = 0, . . . ,p + 1, e = (eo, • • • , Cp+i) G {—1, l}^"*"^, define 

P+i 



(2.3.29) f4-)(Co, . . . , Cp+i) = E ^V"'' + 

j=0 

When p is even and tl{j; = 1} = | + 1, denote by A^^*^) the set of all (no, . . . , np+i) E NP+^ such 
that there is a bijection a from {j; < j < p + 1, Cj = 1} to {j; < j < p + 1, = —1} so that for 
any j in the first set rij = n^(^jy In the other cases, set iV^^^ = 0. 

Proposition 2.3.6. There is a zero measure subset J\f ofWj^ and for any m £ M!^ — AA, there are 
constants c > 0, A'q G N such that for any (no, . . . , np+i) G N^+^ — N^^^ one has 

(2.3.30) |Fif)(A„„,...,A„^+J| >c(l + ^+--- + Vn^)-^«. 
Moreover, i/eoCp+i = 1, one /las i/ie inequality 

(2.3.31) |i^i?^(A„„, . . . , A„^^J| > c(l + + ^Ai^)(l + + • • • + V^j^"^". 

Proof. With the reasoning as in the proof of proposition 2.1.5 in [9j, we get just by replacing 
(no, . . . , np+i) with (Aq, . . . , Ap+i) 

\F^\Xno,. ■ ■ > > c(l + Ano + • • • + A„,+J-^° 

and 

|f4^)(A„o, . . . , A„^^J| > c(l + + Xn,+,){1 + A„, + • • • + A„J-^« 
when eoCp+i = 1. This concludes the proof of the proposition by noting (jl.l.ip . □ 
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2.4 Energy control and proof of main theorem 

We shall use the results of subsection 12.31 to control the energy. When M{ui, . . . , Up+i) is a p + 1- 
linear form, let us define for < i < p + 1, 

(2.4.1) L7(M)(ni,...,p+i) = -AmM{ui,...,Up+i) 

I P+i 

-^M(tii,...,Amttj,...,lip+l) + X] ^(^1) • • • • • • >^P+l) 

j=\ j=e+i 

and 

e 

(2.4.2) L+(M)(ni,...,p+i) = -A^M(ni, . . . , Up+i) - ^ M(ni, . . . , A^n^, . . . , Up+i) 

j=i 

p 

+ ^ M(ni, . . . , A^Uj, . . . ,Mp+i) - M(tii, . . . ,'Up, Am-Up+i). 
We shall need the following lemma: 

Lemma 2.4.1. Let N he the zero measure subset o/ M!^ defined by taking the union of the zero 
measure subsets defined in proposition \2.3.5\ and proposition \2.3.(A and fix m £ — M. Let uje, u)i 
he defined in the statement of proposition [K2. 1[ There is a G N such that the following statements 
hold true for any large enough integer s, any integer p with k < p < 2k — 1, any integer i with 
< £ < p, any p > 0: 

• Let £ (0, 1), Mf e M^'ll'^iioe) with a = 2 if d > 2 and a = ^ - q for any q £ {0, 1) if 



p 

d=l and Mf £ Mpff^i^i). Defi 

(2.4.3) Mr(ui,...,np+i) = ^^i| 

no rtp+i 

Then there are M^'' E MpXi^'~\uJe) and MP € Mp'll~^{Ze) satisfying 

L7(Mf'')(ui, . . . ,np+i) = (ui, . . . ,Up+i), 

(2.4.4) _ 

mM.T){ui, . . .,Up+i) = Mf{ui, . . . ,Up+i) 

with the estimate for all N > u, 

||Mf'^||^.+.,2.-i < Ce-^^-'^+p)''^\\Mf\\j^...s-a, 

(2.4.5) _ 

\m\^.^.as^.<C\\Ml\\^^^^^^^ 

where \ \ ■ Hx"^^ ^ is defined in the statement of definition \2.1.1\ 

Let RP G R''pf^iiVe),RP G Rpil{i:^e). Then th ere are If^ G TZp'^'^''^'^ (uJe) and R![ G TZ'^'^l'^^ (oJi) 
such that 

Lj{RP){ui,...,Up+i) = RP{ui,...,Up+i), 
(2.4.oj , ~ 

L'j{R('){ui, . . .,Up+i) = R^{ui, . . . ,Up+i). 



ne 
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Proof, (i) We substitute in (pXi]) 11 rijUj to Uj,j — 1, . . . ,p -\- 1, and compose on the left with 11^^. 
According to (I2.4.ip . equahties in ()2.4.4p may be written 

(2.4.7) -F^(A„o, . . . , A„p_^jn„oMf'(n„,ni, . . . ,Unp+-,Up+i) = UnoMf'^Un^ui, . . . , n„p+,np+i), 

(2.4.8) Fj^\Xno,- ■ . , A„^+Jn„,Mf(n„,Mi, . . . ,n„^^,np+i) = Un,MP{Un,Uu . . . ,Un^^,Up+i), 

where is defined by (|2.3.ip and Fm^ is defined by (|2.3.29p with cq = • • • = = e^+i = 

-1, e£+i = ■■■ = ep = 1. 

When considering (j2.4.7l) . we may assume no ~ rip^i, np+i > n' and (no, • • • , ?^p+i) ^ Sp if the 
right hand side of (j2.4.7p is non zero since we have (j2.1.ip and (j2.1.15p for Mj'^. Here Sp is the 
same as that in proposition 12.3.51 Thus the assumptions concerning (no, . . . ,np_|_i) in proposition 
12.3.51 hold true. We deduce from (I2.3.27P and the condition ^/no + ^np+i < e~^'^ that 



2No 



(2.4.9) ^(no,^..,np+i) 

< ce-(-«-^^)^«(i +v^o+v^r-\i + ^r' T^'^-'-T'wl 

jiyriQ, . . . , np+ij^^'o 

for any /o > 0. Therefore if we define 
(2.4.10) 

Mf''(ni, . . . ,Up+i) = - ^ F4(Ano,...,Anp+J"^n„o^f'(nni^ii,---,n„p^iUp+i), 

no~np+i,np+i>n' 

we obtain according to (j2.4.9p and (|2.1.2p that M^''^ G }A'^'^''^'^~'^{id() with the first estimate in 
(I^X^ with P = 2iVo- 

When considering (j2.4.8p . we may assume (no, . . . , ?^p+i) ^ -^'-'^^ defined after ()2.3.29p . Actually, 
because of (I2.1.15p . we cannot find a bijection a from {0, . . . + 1} to {£ + 1, . . . ,p} such that 
Uj = ng.(j), j = 0, . . . + 1 if the right hand side of (|2.4.8p is non zero. Consequently, we may 

use lower bound (|2.3.3ip . If we define dividing in (|2.4.8p by Fm\ we thus see that we get an 
element of Mf G >lp+p'"^(5^) for some V. This completes the proof of ()2.4.4p and (j2.4.5p . 
(ii) We deduce again from ()2.4.6p 

(2.4.11) — F^(A„Q, . . . , A„p^jn„gi2^(n„^ni, . . . , Hn^j^^Up+i) = linoR^iiJ^nxUi, . . . , Yinp+iUpj^i), 

(2.4.12) Fif)(A„o, . . . , An,+jnno^?(n 

where F^ and i*m are the same as in (j2.4.7p and ()2.4.8p . Since -R? G Rp+ii^i) and thus (I2.1.24D 
implies the right hand side of (j2.4.1ip vanishes if (no, . . . , ra^+i) G 5^, where 5"^ is defined in (j2.2.18p . 
we may assume (no, . . . ,np+i) ^ S^. Consequently, the condition of theorem 12.3.11 is satisfied and 
we have by (|2X2]) 



|F^(A„o,...,A„p+J| 1 <C(l + ^ + ynr+--- + ^ 



\2Afo+4 



We then get an element of i?^ E 7^p+p''(a;£) dividing in (I2.4.1ip by -F^ with P = 27Vo + 4. Since 



-R^ E -Rp^^(ti;£), we see that the right hand side of (|2.4.12p vanishes if (no, . . . , "^p+i) E Sp, where Sp 
is defined in (j2.2.4ip . This implies that we may assume (no, . . . , ?T-p+i) ^ A^*-*^-* which is defined after 
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(j2.3.29p with cq = ■ ■ ■ = ei = ep+i = — 1, e^+i = ■ ■ ■ = Cp = 1. Thus the condition of proposition 
12.3.61 is satisfied and we have 



This allows us to get an element B!^ £ TZ^^^''^^ (uJi) for some i> by dividing by Fm^ in ()2.4.12p . This 
concludes the proof. □ 

Proposition 2.4.2. Let J\f be the zero measure subset of defined in lemma \2.4-l\ and fix 
m G — J\f. Let p > be any positive number and Qs defined in \2.2. 5|) . There are for any 
large enough integer s , a map Ql, sending M"{W^) x (0, \) to and maps 0^, 0g sending 
M'^^^W^) to M such that there is a constant > and for any u G Jif^^W^) with \\u\\jjfs < 1 and 
any e G (0, \), one has 

\Ql{u,e)\ < Cse-^^-''+P^^''\\u\\''+^, {a = 2ifd>2 and 

(2.4.13) « = - ^ (0' 1) ^/^ = 1)' 



\Ql{u)\,\el{u)\,\Qi{u)\<CM\''j^s 

and such that 

(2.4.14) R{u) 1 



Qs{u{t, •)) - ei(n(t, •), e) - Ql{u{t, •)) - Ql{u{t, •)) - Qi{u{t, •)) 



satisfies 

(2.4.15) |i2(n)| < C,e-^^-''+P^'^''\\u\\^^+^ + Cse^''-'^'^'^^\\u\\''+^ 
Proof. Considering the right hand side of (|2.2.6p . we decompose 

(2.4.16) Mj{ui, . . . ,np+i) = MP'\ui, . . . ,up+i) + Vl''\ui, . . . ,np+i), 
where the first term is given by ()2.4.3p and the second one by 

(2.4.17) y/''(ni,...,np+i) = ^1 X] ^{^+y'n^>e''>-}^n,,Ml{ui, . . . ,Up,Ilnp+iUp+i). 

no rip+i 

By definition 12.1.11 we get for a = 2 if d > 2 and a = ^ — (;\id = l 
(2.4.18) 

no p+1 b(,no,...,np+i) 

P+i 

Following the proof of proposition 12.1.21 we know that the gain of o powers of ^/no + ^n^+i in 
the first term in the right hand side, coming from the fact that G A^p+i ° , together with the 
condition + ^n^+i > e~^'^, allows us to estimate , for large enough and sq large enough 
with respect to u, (|2.4.18p by Ce("~^)^'^n^^j^||uj||^so||wp+i||^s- Consequently, the quantity 

2k~1 P 

(2.4.19) E E i{Vt\u, ...,u,u,...,u),u) 

P=K ^=0 

is bounded form above by the second term of the right hand side of (j2.4.15p . In the rest of the 
proof, we may therefore replace in the right hand side of (j2.2.6l) by Mj''' . 
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Apply lemma EXU to Mf'\ Mf, R^, R^. This gives MP'%MP,RP,r!p. We set 

2ft-l p 

&l{u{t,-),e) = ^ ^Re{Mf\u, . . . ,u,u, . . . ,u),u), 

P=K 1=0 

2k-1 p 

0s(«(*>-)) = Yl YReiK'^iiu, . . ■ ,u,u, . . . ,u,u),u), 

(2.4.20) ;z'7 

Q'liHtr)) = XI Y Re{R^{u, . . . ,u,u, . . . ,u),u), 

p=K £=0 
2ft- 1 p 

®t{u{t,-)) = X "Y Re{I^^{u, . . . ,u,u, . . . ,u,u),u). 
p=K e=o 

The general term in 0](n(t, •), e) has modulus bounded from above by 

I \MP'\u, ...,u,u,..., u)\\^-s I |u| \.^s < Ce-(^-''+^)^n 1^1 I W\ 



for u in the unit ball of J^^(R. ), using proposition 12.1.2] with r = 2s — 1 and proposition 11.1.19] 
and (I2.4.5P . This gives the first inequality of ()2.4.13p . To obtain the other estimates in (12.4.130 , we 
apply proposition 12 . 1 . 21 to M^, remarking that if in (|2.1.3p r = 2s — 1 and s is large enough, the left 
hand side of (|2.1.3p controls the norm of M^(u, . . . ,u,u, . . . ,u,u). We also apply proposition 

[2X5] with T = 2s in (I2.1.18D to R^, . Then if sq is large enough, the left hand side of (12.1.181) 
controls M"^^ norm of Ii^{u, . . . ,u,u, . . . ,u) and R!f{u, . . . ,u,u, . . . ,u,u). These give us the other 
inequalities in (|2.4.13p . Consequently we are left with proving (|2.4.15p . Remarking that we may 
also write the equation as 

(2.4.21) (A - A^)n = -f(^A-1(^)), 

we compute using notation (|2.4.ip 



(2.4.22) 



^ 2/t-l p 

—el{u,e) = YYRe i{Lj {M_f^){u, . . . ,u,u, . . . ,u),u) 

P=K ^=0 

2k-1 P I 

+ Z^Z]^^ i(Mf'(n,...,F,...,n,n,...,M),n) 

p=K l=Q j = l 
2/t-l p p+1 

- Z Z Z «ei(Mf (n,...,n,n,... 

p=K i=Q j=e+i 

2k- 1 p 

+ j2 z^^^^^r(^'---'^'^'---'^)'^>- 

p=K e=o 

By assumption on F, we have by prop osition 1 1 . 1 . 1 9] and [T7l . 2 1 1 that | |F(i;)| [^^--s < C| |n| | |u| 
if s is large enough and \ \u\\,^s < 1. Since M^'*^ G A4p^i''^^~^{uj£), we may apply proposition 12.1.21 
with T = 2s — 1 and p.4.5p to see that the last three terms in ()2.4.22p have modulus bounded from 
above by the first term in the right hand side of (|2.4.15p . When computing ^Qs{u), noting that 
we have replaced Mf by Mf'"", the first term in the right hand side of (|2.2.6p is the first term in 
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the right hand side of (j2.4.22p because of (j2.4.4p . Consequently, these contributions will cancel out 
each other in the expression ^[Os(u) — Ql{u,e)]. We compute 



^ 2k-1 p 

— ef(u) = X] X]-^^ ^{Lt{M^i){u, ...,u,u,...,u,u),u) 

p=K e=o 

2k-1 P I 

+ ^ ^^i?e i{M^^{u,.. .,F,...,u,u,...,u,u),u) 
p=K e=o j=i 

2re— 1 p p 

(2.4.23) Rei{MPiu,...,u,u,...,F,...,u,u),u) 

p=K e=o j=e+i 

2k-1 P 

+ ^ ^i?e i{M^^{u,,...,u,u,...,u,F),u) 

p=K £=0 
2k-1 p 

P=K 1=0 

Since NQ g 7Wp^^'^''~^(c(3^), we have by proposition 12.1.2) with r = 2s — 1, proposition 11.1.19) and 
()2.4.5p that the last three terms are estimated by the last term in the right hand side of ()2.4.15p if s 
is large enough. The first one, according to lemma [2.4.11 cancels the contribution of in (|2.2.6p 
when computing R{u). We may treat @'^{u) and 0f('u) in the same way using proposition 12.1.5) 
with r = 2s, and this will lead to the third term in the right hand side of ()2.4.15p . Finally, the last 
term in (I2.2.6P contributes to the last term in the right hand side of (I2.4.15p . This concludes the 
proof of the proposition. □ 



Proof of theorem 2.1.1. : We deduce from ()2.4.13p and ()2.4.15p 

(2.4.24) e,(n(t, •)) < QsHO, •)) - 6^(^.(0, ■),e)- G2(n(0, •)) - QIHO, •)) " e^(n(0, •)) 

+el{u{t, •), e) + eliu{t, •)) + e3(n(t, •)) + ei{u{t, •)) 











+ Cs / Mt',-)\\'^s\\u{t',-)\\j^,sdt' 







where a = 2 if d > 2 and a = ^ — q for any G (0, 1) if d = 1. Take 6 = and i? > 1 a constant 
such that for any {vo,vi) in the unit ball of jr*+^(M'^) x ^''(M'^), ^(0, •) = e{-ivi+AmVo) satisfies 
\\u{0, •)||jf " < Be. Let K > B he another constant to be chosen, and assume that for r' in some 
interval [0,r] we have ||m(t', < Ke < 1. If d > 2, using ()2.4.13p with a = 2 we deduce from 

()2.4.24p and that there is a constant C > 0, independent of B,K, e, such that as long as t G [0, T] 
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4+p 

If we assume that T < ce , where p > is arbitrary, for a smah enough c > 0, and that e is 
small enough, we get \\u{t, ■)\\'^^s < C(2i?^)e^. If K has been chosen initially so that 2CB^ < K'^, 
we get by a standard continuity argument that the priori bound | |M(t, •)! I^r^ < Ke holds true on 
[0,ce 3+''], in other words, the solution extends to such an interval |t| < ce~ s'-^"/'^'^ with another 
arbitrary p > 0. If d = 1, we may use (|2.4.13p with a = ^ — <^ to get 

\\u{t, < C[B^ + eTO'^i^-+2 + t/'«+6r'''(K2K+2 ^ ^^+2^ ^ ^g2«_^2«+2^g2_ 

With the same reasoning we may get in this case that the solution extends to an interval of 
\t\< ce-iK^-^)'" for some small c > and any p > 0. This concludes the proof of the theorem. □ 
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